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In this work we investigate the renormalization group flow of the cosmological constant Λ in-
duced by the change in space-time curvature in the electroweak vacuum. We calculate the generic
magnitude resulting from running in the standard model in a subtraction scheme that respects
the Appelquist-Carazzone decoupling theorem. Interestingly, we find in this prescription that for a
non-minimal coupling ξ . 104 the magnitude of the generated contribution remains below the value
consistent with observations.
PACS numbers:
At present it appears that the Universe is undergoing
accelerated expansion consistent with positive vacuum
energy, or in other words a cosmological constant [1]. Its
extremely small value Λ ∼ 10−47GeV4 however, has yet
to be satisfactorily explained as theoretical predictions
suggest a value many orders of magnitude larger. This
is the cosmological constant problem. In fact, there are
two problems: The first issue concerns naturalness as the
quantum zero-point energy implies a value around 120
orders of magnitude above observations [2]. It resem-
bles the Higgs mass hierarchy problem and despite the
existence of such a problem, for small energy-scales the
standard model (SM) is well in accord with experiments
[3]. This leads one to question if at low energies the lack
of naturalness is really a problem for Λ and in this work
we simply disregard this issue, despite its importance [4].
The second problem is different in nature and contrary
to the first it is also present when regularizing dimension-
ally. This problem is due to electroweak (EW) symmetry
breaking, which induces negative vacuum energy with a
large magnitude even at the classical level and is made
worse by quantum corrections [5]. The induced energy
density is roughly 55 orders of magnitude larger than the
observed value, which is sometimes quoted as the real
magnitude of the cosmological constant problem [6].
It has been argued that the induced vacuum energy
may be set to zero as a result of a symmetry principle
[7] or by treating it as a non-gravitating contribution [8].
With such an assumption, the currently observed Λ is of-
ten explained by some other mechanism, for which many
viable models exist [9]. However, this approach is made
more complicated when quantum corrections for the SM
are included: Any change in the energy scale induces
a cosmological constant by renormalization group (RG)
running [10, 11]. Superficially, a massive particle of type
i gives a contribution to the running ∝ m4i , which re-
sults in a value much larger than what is consistent with
observations. A generically large RG induced contribu-
tion would imply that Λ is very sensitive to the choice of
renormalization condition: Fixing Λ at some scale to be
of observable magnitude would at current scales result
in a value much different from observations, unless the
fixing occurs very close to the scale where Λ is measured.
It has been argued that heavy particles should decouple
from the running due to the Appelquist-Carazzone the-
orem [12] but finding the suitable renormalization pre-
scription has proven to be challenging [13–15].
In this work we focus on the contribution to Λ from
RG running induced by the change in space-time curva-
ture, R, from a top-down quantum field theory perspec-
tive. Related work can be found in [16]. In our calcula-
tion thermal effects are neglected, which indicates that
our results cannot be extended beyond the EW vacuum
since electroweak symmetry breaking is fundamentally a
finite temperature effect. Hence in terms of R, we must
have R ≤ REW. In this region we can treat space-time
as a classical background and assume Einstein gravity
to be valid, if only as an effective theory. We will as-
sume a state with vanishing expectation values for matter
field fluctuations making R the dynamical variable. With
these assumptions we can use the framework of quantum
field theory on a curved background [17] while acknowl-
edging that a full quantum gravity treatment can change
the picture [18]. Our conventions will be (+,+,+) in the
classification of [19], with ~ ≡ 1 ≡ c.
We start by deriving the running Λ in the modified
minimal subtraction procedure MS, for a model with one
non-minimally coupled scalar field and one Dirac fermion
in the non-interacting case. Our action S ≡ ∫ √−gL will
then have the familiar Einstein-Hilbert part [32]
L = Lg + Lm = −Λ+ (2κ)−1R+ Lm , (1)
and a matter part
Lm =− 1
2
(∇µφ)2 − 1
2
m2φφ
2 − 1
2
ξRφ2
− ψ¯(iγµ∇µ +mψ)ψ , (2)
with the standard curved space generalizations of the
Klein-Gordon and Dirac Lagrangians [17] and where
κ−1 ≡ (8πG)−1 ≡ M2pl. Throughout this work we will
assume that gravitational dynamics are given by some
2unspecified classical fluid that dominates over the quan-
tum backreaction. This means that effectively we can
treat R as a free parameter. Deriving the effective po-
tential to one-loop order can be found in [20] and its
curved space generalization for small curvature in [21],
giving
Leff = −Λ+ R
2κ
− 1
2
m2φφ
2 − 1
2
ξRφ2
− M
4
φ(R)
64π2
[
log
(
M2φ(R)
µ2
)
− 3
2
−
{2
ǫ
− γe + log(4π)
}]
+
M4ψ(R)
16π2
[
log
(
M2ψ(R)
µ2
)
− 3
2
−
{2
ǫ
− γe + log(4π)
}]
,
(3)
for a constant φ. The scale parameter introduced by
dimensional regularization is µ, n = 4− ǫ is the number
of dimensions and the effective masses are
M2φ(R) = m
2
φ +R
(
ξ − 1
6
)
, M2ψ(R) = m
2
ψ +
R
12
. (4)
It should be noted that in (3) the notation φ really means
the expectation value of the quantized field, 〈φˆ〉. In
the usual MS renormalization scheme one chooses the
counter terms to cancel all the contributions within the
curly brackets in (3). In this letter we will also include
the term −3/2 in the MS subtraction. Assuming a state
with φ = 0, R will be the only dynamical variable of
the problem. Renormalization group improvement for
the curved space expression (3) comes via the Callan-
Symanzik equation just like in flat space:{
µ
∂
∂µ
+ βci
∂
∂ci
− γφ
}
Leff = 0 , βci ≡ µ
∂ci
∂µ
, (5)
where the ci stands for all the parameters of the ac-
tion with summation over the repeated index i assumed.
With no interactions, the only non-zero β-functions are
the ones for κ−1 and Λ. Deriving the β-functions in MS
is a standard calculation [22] and gives the results
β¯κ−1 = −
m2φ(ξ − 1/6)−m2ψ/3
8π2
, β¯Λ =
m4φ − 4m4ψ
32π2
,
(6)
where the overline is used to denote an MS quantity. For
β-functions to be calculated in a different scheme we will
use an underline,
¯
β.
Essentially, the Callan-Symanzik equation (5) is an ex-
pression of invariance with respect to the renormalization
scale, (d/dµ)Leff = 0, so after substituting the solutions
of (5) back into (3) we can in principle pick µ freely.
However our perturbative result is only correct up to
higher order corrections and not completely µ-invariant,
so one should choose µ such that the neglected correc-
tions are as small as possible, as discussed in [23]. In
practice this means that for example in the result (3),
we should choose µ so that the logarithms remain small
for all R, i.e in curved space µ should become a function
of R [24]. This step is crucial, since it will introduce a
natural suppression to the result. The choice that makes
the logarithms vanish we will call the optimal choice and
denote it as µ(R). For example, if we have only a scalar,
µ2(R) = M2φ(R) and similarly µ
2(R) =M2ψ(R) if we only
have a fermion. With both a scalar and a fermion we can
choose
logµ2(R) =
M4φ(R) logM
2
φ(R)− 4M4ψ(R) logM2ψ(R)
M4φ(R)− 4M4ψ(R)
=
∑
i niM
4
i (R) logM
2
i (R)∑
i niM
4
i (R)
≡ Y (R) , (7)
where Mi is the effective mass of a particle type i and
ni counts the degrees of freedom. The optimal scale also
respects the general conditions advocated in [25] [33].
Using (7), the RG improved effective action has pre-
cisely the same form as the Einstein-Hilbert action (1),
but with the quantum corrections manifesting themselves
as running of the parameters: κ−1,Λ ⇒ κ−1(R),Λ(R).
In this work we are only interested in the generic magni-
tude for the contribution from RG running to Λ, which
essentially means the difference when evaluated at two
scales. In such an approach one can neglect the difficult
question of how to define the physical value. If we set
Λ(REW) = 0 then the value at Λ(0) will correspond to
the maximal contribution generated by running. From
(6) we can solve Λ(R) in the MS scheme
Λ(R) = (R−REW)
m4φ − 4m4ψ
64π2
Y ′(0) +O(R2EW)
⇔ Λ(R) =


(R−REW)
m2φ(ξ − 1/6)
64π2
, mψ = 0
(REW −R)
m2ψ
192π2
, mφ = 0
(8)
In (8) we can see that contrary to the naive assumption, a
term ∼ m4i in the β¯Λ-function (6) induces a contribution
∼ m2iREW for the cosmological constant. This is because
minimizing the higher loop corrections gives µ an R de-
pendence via µ(R). However, the result is still very large.
From [26] we have a rough estimate REW ∼ κT 4EW with
TEW being the EW transition temperature. Assuming a
single fermion with mψ ∼ TEW ∼ 2 × 102GeV we have
Λ(0) ∼ 10−26GeV4. This implies that RG running gener-
ically results in a contribution with an absolute value 21
orders of magnitude larger than what is consistent with
observations. Fortunately, this is not the whole story, as
there are severe issues associated with our use of MS in
a low energy regime.
The problems with MS can be made apparent with a
3simple example. Supposing flat space and a Yukawa in-
teraction term in (2), LI = −gφψ¯ψ, we can parametrize
the full interacting propagator for the scalar field in mo-
mentum space with the effective mass parameter Σ2p as
iG(p) =
∫
d4x i〈φˆ(x)φˆ(0)〉e−ip·x = (p2 +m2φ +Σ2p)−1 ,
in the normalization conventions of [27] for the field op-
erators and Fourier space. The relevant counter terms
included in Σ2p are p
2δZ and δm2φ and in our version of
MS we choose them to subtract the divergent pole and all
scale independent numbers such that the one-loop result
for Σ2p is
−iΣ2p =
3ig2
4π2
∫ 1
0
dx
[
m2ψ + x(1− x)p2)
]
× log
(
m2ψ + x(1 − x)p2
µ2
)
. (9)
where µ is again introduced by dimensional regulariza-
tion. G(p) also satisfies a Callan-Symanzik equation{
µ
∂
∂µ
+ β¯m2
φ
∂
∂m2φ
+ 2γ
}
G(p) = 0
⇔ µ ∂
∂µ
Σ2p + β¯m2φ − 2γ(p
2 +m2φ) = 0 +O(~2) , (10)
where the higher order corrections are denoted as O(~2).
The solution gives the MS β-function for m2φ
β¯m2
φ
m2ψ
=
3g2
2π2
(
m2φ
6m2ψ
− 1
)
. (11)
However, doing the above calculation in a different sub-
traction scheme will reveal important features that are
also crucial for the running of Λ. One could equally well
do the calculation in a more physical renormalization
scheme where one includes in p2δZ and δm2φ, in addi-
tion to scale independent numbers, also the logarithm in
(9) evaluated at p2 = −µ˜2. This will give the effect of
replacing µ2 in (9) with µ2(µ˜) = m2ψ − x(1− x)µ˜2. Solv-
ing (10), now with µ˜ being the renormalization scale, will
give the β-function in this scheme
¯
βm2
φ
m2ψ
=
3g2
2π2
∫ 1
0
dx
µ˜2x(1 − x)
[
m2ψ − x(1 − x)m2φ
]
m2ψ
(
m2ψ − x(1− x)µ˜2
)
=


3g2
2π2
(
m2φ
6m2ψ
− 1
)
+O
(
m2ψ
µ˜2
)
, mψ < µ˜
g2µ˜2
4π2m2ψ
(
1− m
2
φ
5m2ψ
)
+O
(
µ˜4
m4ψ
)
, mψ > µ˜ .
(12)
From (12) we can see that
¯
βm2
φ
coincides with the MS
result only at the limit when the mass of the fermion
is much smaller than µ˜. Conversely, when we are in
the region where µ˜ is much smaller than the mass,
¯
βm2
φ
has very different behaviour to the MS result, effectively,
the particle decouples. This is a manifestation of the
Appelquist-Carazzone decoupling theorem [12].
If we assume a similar effect also for the physical βΛ-
function renormalized in position space, for small renor-
malization scale it follows that we cannot expect the MS
results (6) to be reliable [10, 13–15]. Here, R is the dy-
namical variable, much like p2 was in the Yukawa-theory
example and the renormalization scale will be R evalu-
ated at some point, R0. For MS to be valid we should
have R0 ≥ m2i , which is not true for many degrees of free-
dom of the SM. Hence, we need to find a more suitable
subtraction scheme.
First we state what we are after. Our assumption is
that the running of Λ is not correctly described by MS
at R0 → 0, since in β¯Λ heavy particles do not decouple.
Furthermore, we want our β-function to coincide with
the MS result in the limit of large R0. As emphasized in
[14], these conditions are met if we have
¯
βΛ =
{
β¯Λ, R0 →∞
0, R0 → 0
. (13)
To start, replace µ with µ(R0), which is at this stage
only a parametrization. Note that if we want to minimize
the higher order corrections, this parametrization must
be done via the optimal scale (7). Next we include a
counter term as Λ → Λ + δΛ(µ(R0)). The equation for
¯
βΛ from (6) is then
µ(R0)
∂
[
Λ + δΛ
(
µ(R0)
)]
∂µ(R0)
=
∑
i niM
4
i (0)
32π2
. (14)
Assuming that we can express the
¯
βΛ-function as a Lau-
rent series in µ(R0), we can write the contribution from
the counter term as
µ(R0)
∂ δΛ
(
µ(R0)
)
∂µ(R0)
=
∑
i niM
4
i (0)
32π2
∑
k>0
ak
(
µ2(0)
µ2(R0)
)k
.
(15)
In the above we have chosen all coefficients with k ≤ 0
to vanish as we want a result that coincides with MS for
large µ(R0) and further imposed that the result contains
only integer powers of µ2(R0). Requiring a vanishing
¯
βΛ-
function at R0 → 0 gives the constraint
∑
k>0 ak = 1.
The precise values of the ak can be determined by choos-
ing a particular renormalization scheme, preferrably mo-
tivated by a physical process. Our prescription will be to
simply include only the leading term by setting a1 = 1
4to be the only non-zero coefficient, giving [34]
µ(R0)
∂Λ
∂µ(R0)
=
∑
i niM
4
i (0)
32π2
(
1− µ
2(0)
µ2(R0)
)
≡
¯
βΛ .
(16)
From (16) one may see the correct behaviour of the sub-
traction term: Negligible at large R0 while giving decou-
pling at R0 = 0. Again setting Λ(REW) = 0, we have
Λ(R) =
∑
i niM
4
i (0)(R
2 −R2EW)
128π2
[
Y ′(0)
]2
+O(R3EW) .
(17)
Since Y ′(0) ∝ m−2 in (17) we see that running generi-
cally results in a small contribution. Even if one does not
choose a particular prescription, the decoupling require-
ment ensures that the first potentially non-zero term in
(17) is O(R2EW) [35]. Our method of finding a counter
term via a Laurent series in (15) is very similar to the
approach of [15], the main difference being that here µ
becomes a function of the renormalization point R0 due
to the minimization of the quantum corrections.
As an example, for the action in (2) with |ξ| . 106 and
for simplicity setting mφ = mψ we get the result
Λ(R) =
(
R2EW −R2
)[1/3− (ξ − 1/6)]2
384π2
+O(R3EW)
⇒ Λ(0) . 10−47GeV4 , (18)
where we again used REW ∼ κT 4EW with TEW ∼ 2 ×
102GeV from [26]. An intriguing result showing that run-
ning naturally generates contributions with magnitudes
smaller or comparable to what is consistent with current
observations. A large value ξ ∼ 106 can seem extreme,
but in fact for the Higgs field the current observational
bound is ξ ≤ 2.6× 1015 [28].
Now we derive a result for the relevant degrees of free-
dom of the SM. As a first approximation if we assume no
running for the SM mass parameters, we can directly use
the formula (17). The factor
∑
i niM
4
i (0) simply sums
all degrees of freedom and can be trivially obtained from
the SM Lagrangian. To a good approximation we can
include only the most massive particles, the W± and Z0
bosons, the top quark and the Higgs particle [36]. The
complicated step is obtaining the optimal scale for the
SM, YSM(R) in (7), since the effective masses come with
different R-dependences [24]. However, if (18) is any in-
dication, we may expect that only for large ξ we have a
Λ(0) comparable with observations. Hence we only cal-
culate the leading term in an expansion in powers of ξ−1.
For h that is the real part of the Higgs doublet that
acquires an expectation value, we have the Lagrangian
Lh = −1
2
(∇µh)2 + 1
2
m2h2 − 1
2
ξRh2 − λ
4
h4 , (19)
and because m2 > 0 it has a non-zero vacuum expecta-
tion value 〈hˆ〉2 = (m2 − ξR)/λ. Since all particles get
their masses via interaction with h, they will also have
coupling to R via ξ, which allows us to parametrize all
effective masses in terms of m and ξR. This greatly sim-
plifies the expression for YSM(R) in (7):
M2i (R) = ai〈hˆ〉2 + biR ≈ ai(m2 − ξR)
⇒ Y ′SM(0) = −
ξ
m2
+O(1/ξ)0 , (20)
where bi is a factor intrinsic to a particle type i and ai
comes from the Higgs interaction [37]. Using (20) and
writing all masses in terms of m we get from (17)
ΛSM(R) =
R2EW − R2
128π2
ξ2
× 48y
4 − 9g41 − 6g21g22 − 3g24 − 64λ2
16λ2
, (21)
in the conventions of [24] where g1, g2, y are the SU(2),
U(1) and top Yukawa couplings and we have neglected
O(ξ, R3EW) corrections. Using the values of the MS cou-
plings at the EW scale from [29], we see that only for
ξ ∼ 104 we start to approach a contribution of the ob-
served magnitude. Since the above contribution corre-
sponds to the maximal value induced by running, we can
conclude that as long as ξ . 104 also in the SM running
induces only a small correction to the cosmological con-
stant. As the top quark dominates (21), essentially the
right result is obtained by retracing the steps with just a
single fermion.
What we have shown is that renormalization group
flow in the electroweak vacuum induced by changing
space-time curvature gives only small corrections to the
cosmological constant, when the non-minimal coupling
is smaller than O(104). Our approach is based on the
well-established approaches of renormalization group im-
provement and curved space field theory. One reason for
this result is that in curved space minimizing the higher
order corrections requires µ to be a particular function
of R resulting in a natural suppression. Additionally, we
defined a new subtraction scheme for the β-function of Λ.
We motivated this scheme by assuming that like in other
areas of particle physics the MS scheme fails at small
scales due to the decoupling theorem. We note that a
more desirable route for justifying this subtraction would
be via renormalization of a physical process. An intrigu-
ing detail is that ξ ∼ 104 gives a contribution comparable
to the observational value of Λ. However, a thorough in-
vestigation including interactions and temperature in a
physically motivated subtraction scheme is needed before
conclusions can be reached. Temperature corrections are
also important for the intricacies during EW symmetry
breaking and it is likely that for R ≥ REW non-trivial
effects also for the running of Λ arise. An investigation
along the lines of [30] is also needed to determine if the
running of Λ is in accord with other aspects of cosmology
5such as the formation of structure. Similarly, a running
Λ may play an important role in early universe physics
such as inflation and its graceful exit, as discussed in [31].
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